Abstract. In this paper, we prove that any solution of Kähler-Ricci flow on a Fano compactification M of semisimple complex Lie group, is of type II, if M admits no Kähler-Einstein metrics.
Introduction
Ricci flow was introduced by Hamilton in early 1980's and preserves the Kählerian structure [20] . The Kähler-Ricci flow is simply the Ricci flow restricted to Kähler metrics. If M is a Fano manifold, that is, a compact Kähler manifold with positive first Chern class c 1 (M ), we usually consider the following normalized Kähler-Ricci flow, ∂ω(t) ∂t = −Ric(ω(t)) + ω(t), ω(0) = ω 0 , (1.1) where ω 0 and ω(t) denote the Kähler forms of a given Kähler metric g 0 and the solutions of Ricci flow with initial metric g 0 , respectively.
1 It is proved in [9] that (1.1) has a global solution ω(t) for all t ≥ 0 whenever ω 0 represents 2πc 1 (M ). A long-standing problem concerns the limiting behavior of ω(t) as t → ∞. If M admits a Kähler-Einstein metric ω KE with Kähler class 2πc 1 (M ), then ω(t) converges to ω KE (cf. [28, 29] ), but in general, ω(t) may not have a limit on M . A conjecture, referred as the Hamilton-Tian conjecture, was stated in [24] that any sequence of (M, ω(t)) contains a subsequence converging to a length space (M ∞ , ω ∞ ) in the Gromov-Hausdorff topology and (M ∞ , ω ∞ ) is a smooth Kähler-Ricci soliton outside a closed subset S, called the singular set, of codimension at least 4, moreover, this subsequence of (M, ω(t)) converges to (M ∞ , ω ∞ ) in the Cheeger-Gromov topology. Recall that a Kähler-Ricci soliton on a complex manifold M is a pair (X, ω), where X is a holomorphic vector field on M and g is a Kähler metric on M , such that Ric(ω) − ω = L X (ω), (1.2) where L X is the Lie derivative along X. If X = 0, the Kähler-Ricci soliton becomes a Kähler-Einstein metric. The uniqueness theorem in [27] states that a Kähler-Ricci soliton on a compact complex manifold, if it exists, must be unique modulo Aut(M ).
2 Furthermore, X lies in the center of Lie algebra of the reductive part of Aut(M ).
The Gromov-Hausdorff convergence part in the Hamilton-Tian conjecture follows from Perelman's non-collapsing result and Q. Zhang's upper volume estimate [35] . More recently, there were very significant progresses on this conjecture, first by Tian and Zhang in dimension less than 4 [31] , then by Chen-Wang [10] and Bamler [5] in higher dimensions. In fact, Bamler proved a generalized version of the conjecture.
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* , GANG TIAN † AND XIAOHUA ZHU ‡ A natural problem is how regular the limit space (M ∞ , ω ∞ ) is. Assuming that the HamiltonTian conjecture is affirmed, Tian and Zhang proved in [31] that M ∞ is a normal variety whose singular set coincides with S. They proved this by establishing a parabolic version of the partial C 0 -estimate. Is this the best regularity we can have? In fact, there was a folklore speculation that (M ∞ , ω ∞ ) is actually a smooth Ricci soliton, equivalently, S = ∅. We recall that a solution ω(t) of (1.1) is called type I if the curvature of ω(t) is uniformly bounded, otherwise, we call ω(·, t) a solution of type II. By using Perelman's entropy [22] , we see that in the case of type I solutions, the limit (M ∞ , ω ∞ ) has to be a Kähler-Ricci soliton. Then the above folklore speculation simply means that (1.1) has no type II solutions. The second-named author believed that this speculation can not be true and raised this problem of finding a Fano manifold whose Kähler-Ricci flow develops type II singularity at ∞.
In this paper, we will show that the above folklore speculation does not hold. We will prove Theorem 1.1. Let G be a complex semisimple Lie group and M a Fano G-manifold which admits no Kähler-Einstein metrics. Then any solution of Kähler-Ricci flow (1.1) on M with an initial metric ω g ∈ 2c 1 (M ) is of type II.
Here by a G-manifold, we mean a (bi-equivariant) compactification of G which admits a holomorphic G×G-action and has an open and dense orbit isomorphic to G as a G×G-homogeneous space.
There are examples of G-manifolds which admit neither Kähler-Einstein metrics nor Kähler-Ricci solitons, more precisely, we will show Theorem 1.2. There are two SO 4 (C)-manifolds and one Sp 4 (C)-manifold on which the Kähler-Ricci flow (1.1) develops singularities of type II.
Note that SO 4 (C) and Sp 4 (C) are both semisimple.
3 Thus Theorem 1.2 is deduced directly from Theorem 1.1. Theorem 1.2 provides the first example of Fano manifolds on which the Kähler-Ricci flow develops singularity of type II and solved the problem raised by the second named author.
In the proof of Theorem 1.1, we need to study the geometric deformation of G-manifolds in the Cheeger-Gromov topology. We shall prove that the limit space of Cheeger-Gromov is still a G-manifold (cf. Proposition 4.1). Our method is to use the Kodaira Embedding to study the deformation of holomorphic vector fields induced by the group G (cf. Proposition 3.1). Then the K × K-invariant metrics induced by the Fubini-Study metrics will play a crucial role (cf. Lemma 4.3), although the original G-manifolds may not be K × K invariant. Also we need to prove that the limit space keeps the complex structure by assuming that G is semisimple (cf. Proposition 4.5).
There is a way to remove the semi-simplicity condition on G in Theorem 1.1 by examining all possible Fano G-compactifications which admit Kähler-Einstein metrics or Kähler-Ricci solitons with a fixed underlying differential structure, since the Cheeger-Gromov limit is a Kähler-Ricci soliton by Perelman's result. For examples, this can be done for SO 4 (C)-manifolds and Sp 4 (C)-manifolds based on the computation of associated polytopes in [12] and [23] ( also see Section 6). In fact, there are two ways to prove Theorem 1.2 by using only Proposition 4.1. The one is that the volumes of G-manifolds of SO 4 (C) (Sp 4 (C)) are different by the volume formula (cf. [11, 19] ) since volumes of corresponding ploytopes are different. Thus these Fano manifolds can not be related by jumps of their complex structures. The another is to check that these Fano manifolds are all K-unstable (cf. Section 6). Then the limit in the flow can not be a Kähler-Einstein manifold, to see details in the end of proof of Theorem 1.1. Hence, the flow must develop singularities of type II.
The organization of paper is as follows. In Section 2, we review an existence result of Kähler-Einstein metrics on G-manifolds by Delcroix. In Section 3, we study the deformation of holomorphic vector fields induced by the group G and prove Proposition 3.1. Theorem 1.1 is proved in Section 4. In Section 5, we generalize Proposition 4.1 to a limit of Q-Fano variety and expect to construct the limit which may be in the Hamilton-Tian conjecture. At last, in Section 6, we give all Fano compactifications of SO 4 (C) and Sp 4 (C).
Preliminaries on G-manifolds
In this paper, we always assume that G is a reductive Lie group which is a complexification of compact Lie group K. Let T C be an r-dimensional maximal complex torus of G with its Lie algebra t C and M the group of characters of t C . Denote the roots system of (G, T C ) in M by Φ and choose a set of positive roots by Φ + . Then each element in Φ can be regarded as the one of a * , where a * is the dual of the non-compact part a of t C .
2.1. Local holomorphic coordinates. In this subsection, we recall local holomorphic coordinates on G used in [12] . By the standard Cartan decomposition, we can decompose g as
where V α = {X ∈ g| ad H (X) = α(H)X, ∀H ∈ t C } is the eigenvectors space of complex dimension 1 with respect to the root α. By [21] , one can choose
where ι is the Cartan involution and α ∨ is the dual of α by the Killing form. Let E α = X α − X −α and E −α = J(X α + X −α ). Denote by k α , k −α the real line spanned by E α , E −α , respectively. Then we have the Cartan decomposition of Lie algebra k of K,
r } together with {E α , E −α } α∈Φ+ form a real basis of k, which is indexed by {E 1 , ..., E n }. {E 1 , ..., E n } can also be regarded as a complex basis of g.
For any g ∈ G, we define local coordinates {z
It is easy to see that
, where θ i is the dual of E i , which is a right-invariant holomorphic
is also a right-invariant (n, n)-form, which defines a Haar measure dV G .
For a smooth K × K-invariant function Ψ on G, we define a Weyl invariant function ψ (called the associated function of Ψ [4] ) by
The complex Hessian of the K × K-invariant function Ψ in the above local coordinates was computed by Delcroix as follows [12 
Lemma 2.1. Let Ψ be a K × K invariant function on G, and ψ the associated function on a. Let
, the complex Hessian matrix of Ψ in the above coordinates is diagonal by blocks, and equals to
Kähler-Einstein metrics on
M . Since M contains an r-dimensional toric manifold Z, there is an associated polytope P of Z induced by (M, L) [1, 2] . Let P + be the positive part of P defined by Φ + such that P + = {y ∈ P | α, y > 0, ∀ α ∈ Φ + }. Here ·, · denotes the Cartan-Killing inner product on a * . We call W α = {y ∈ a * | α, y = 0} the Weyl wall associated to α ∈ Φ + .
Let ρ = 1 2 α∈Φ+ α be as a character in a * and Ξ the relative interior of the cone generated by Φ + . We set a function on a * by
Clearly, π(y) vanishes on W α for each α ∈ Φ + . Denote by 2P + a dilation of P + at rate 2. We define a barycentre of 2P + with respect to the weighted measure π(y)dy by
In [11] , Delcroix proved the following the existence result of Kähler-Einstein metrics on Gmanifolds. By extending the argument for toric Fano manifolds in [33] , Delcroix obtained a prior C 0 -estimate for a class of real Monge-Ampère equations on the cone a + ⊂ R r to prove Theorem 2.2, where a + = {x ∈ a| α(x) > 0, ∀ α ∈ Φ + }. Another proof of Theorem 2.2 was lately given in [19] by verifying the properness of K-energy µ(φ) for K × K-invariant Kähler potentials φ modulo the center Z(G) of G. In fact, it was proved under (6.1) that there exist two positive constants δ, C δ such that
, and φ σ is an induced Kähler potential defined by
It was also showed in [19] that (2.3) is actually a K-stability condition in terms of [24] and [13] by constructing a test-configuration through a piece-wise rationally Weyl-invariant linear function (also see [36] ). In particular, M is K-unstable if bar(2P + ) ∈ 4ρ + Ξ.
Deformation of holomorphic vector fields
In this section, we give a description for the deformation of holomorphic vector fields generated by G on a G-manifold M .
Let X be a right-invariant holomorphic vector field on M as an element of Lie algebra g of G with im(X) ∈ k, where k is a Lie algebra of K. We choose a K × K-invariant metric ω ∈ 2πc 1 (M ) as in Section 2. Then by the Hodge theorem, there is a real-valued smooth function f (usually called a potential of X) on M such that
The following is our main result in this section. 
Clearly the set of such c with M c = ∅ is discrete. Suppose that M c0 = ∅ for some c 0 and x ∈ M c0 and assume that there is a base point y 0 ∈ O such that lim t→∞ exp{tre(X)} · y 0 = x.
Then the limit
is well defined, since f is increasing along the integral curve exp{tre(X)} · y 0 by the relation
On the other hand, there is an integral curve from another base point
Then we can define a class of sets for points in O associated to numbers c ∈ [c 0 ,
Note that the number c in (3.8) must be a critical value of the function f by the compactification of G. Thus, there are finitely many such numbers c as in (3.5) .
Claim: Each O c is an open set. Let y 0 = g 0 ∈ O c and x 0 ∈ M \ O the limit of exp{tre(X)} · y 0 as t → ∞. Then there are two neighborhoods U x0 and V x0 with V x0 ⊂ U x0 at x 0 such that |f − c| ≤ ǫ on U x0 and exp{tre(X)} · y 0 ⊂ V x0 for any t ≥ t 0 , where ǫ is a small number and t 0 is a large number. Since
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0 · g is a smooth map on M , we see that exp{tre(X)} · y ∈ U x0 , ∀ t ≥ t 0 , as long as |g
Thus lim t→∞ f (exp{tre(X)} · y) must be c since there is no other critical value of f near c. Claim is true. By Claim, there are finitely many disjoint open subsets O cj such that
On the other hand, from the proof of Claim, one can show that each Ω ∩ O cj is a closed set for any closed set Ω ⊂ O. It follows that there is only one O cj through Ω ∩ O, and as a consequence, it must be
Thus c 0 = max M f and M c in (3.5) with c satisfied as in (3.6) must be empty. In the other words, any curve exp(tre(X)) · y 0 with y 0 ∈ O converges to a point in M
1
X . Next we show that the set
Thus for sufficiently small ǫ, there are two disjoint connected components U
On the other hand, by the monotonicity (3.7) and the definition (3.9), any integral curve generated by re(X) starting in each U i can not leave it. Since U 2 ∩ O = ∅, then as in the proof of (3.3) above, there is a point y 0 ∈ U 2 such that
which is a contradiction with (3.9) and (3.10)! Hence,M
is a dense set of M 2 X . Part (a) of proposition is proved. To prove the part (b) of proposition, we write ω i as ω i = ω + √ −1∂∂ϕ i for some ϕ i . Then
where
Let h i be a Ricci potential of ω i which is normalized bŷ
Then f i satisfies equation (cf. [15, 30] ),
where ∇ i is the Laplace operator associated to ω i . Since h i satisfies equation ∆ i h i = R i − n, where R i is the scalar curvature of ω i , h i is C k -uniformly bounded for any k. Thus f i is C k -uniformly bounded for any k, and so f i converges subsequently to a smooth function f ∞ on M ∞ . We need to show that
There is a uniform constant δ 0 such that
Thus there are neighborhoods of B 1 and
Hence, we get (3.15).
Case 2):
Then by the monotonicity in (3.7) and the proved part (a) above, we see that
Thus, ∇f ∞ ≡ 0. On the other hand, by (3.14), we havê
It follows thatˆM
where h ∞ is the limit of h i , which is a Ricci potential associated to ω ∞ , and
This is impossible since ∇f ∞ ≡ 0. Therefore, Case 2) is impossible and we prove (3.15) by Case 1).
By (3.15), we see that ∇f ∞ = 0. Moreover, by (3.14), f ∞ satisfies
where ∆ ∞ is the Laplace operator associated to ω ∞ . Thus
Part (b) of Proposition 3.1 is proved.
Proof of Theorem 1.1
The proof of Theorem 1.1 depends on the following proposition on preservation of G-structures on limits in the Cheeger-Gromov topology.
We use the Kodaira embedding to prove the proposition. This means that there exists an integer m such that M can be embedded into CP N by an orthogonal L 2 -normal basis of holomorphic
Thus by the convergence of ω i , we see that there is a uniform integer N independent of i such that the following properties are satisfied (cf. [14, 25] 
4) There is a uniform constant A > 0 such that
For any g ∈ G × G, it induces an action g ∈ P GL(N + 1, C) such that g acts auto-holomorphicly on Φ i (M ) ( still denoted by g without confusion, although g may depend on the map Φ i ). Then G × G can be regarded as a subgroup of P GL(N + 1, C). By the property 3), it is easy to see that G × G induces a holomorphic action on (M ∞ , J ∞ ), which fixesM ∞ . In fact, for anyx ∞ ∈M ∞ and any sequence {x i } such thatx
Then g(x ∞ ) is independent of the choice of {x i }. Moreover, we have
Hence the action g in (4.1) defines a G × G-action onM ∞ , which induces the one on M ∞ by the relation Φ ∞ · g = g · Φ ∞ through the holomorphism Φ ∞ .
Let {E 1 , ..., E n } be a basis of Lie algebra g. Then the holomorphism Φ i induces a basis {Ê Let O be an open dense G-orbit in M . Since M has finitely many G × G-orbits [1, 2] , there are basis points x δ ∈ M \O, δ = 1, ..., k, such that
Note that the closure of each G×G-orbit (G×G)x δ is a smooth algebraic variety with dimensional less than n. Then the closure of Φ i ((G × G)x δ ) converges to an algebraic limit in CP N . As a consequence, Φ i (M \O) has an algebraic limit DM ∞ in CP N . Note that for any i and g ∈ G × G, it holds
Then by (4.1) and (4.3), for anyx ∞ ∈M ∞ there is a sequence of g i ∈ G × G such that
, without loss of generality, we may assume that
Let T C be a torus subgroup of G acting onM ∞ with a basis {X 1 , ..., X r } of a. By choosing a P SL(N + 1, C) transformation, the torus T C of G can be regarded as a subgroup of maximal torus groupT C in CP N . LetW 1 , ...,W N +1 be the (N + 1) hyperplanes in CP N whereT C does not acts freely. Then for any induced holomorphic vector fieldX of X ∈ t C onM ∞ , it holds 
Proof. Without loss of generality, we may assume thatx ∞ is chosen as in (4.6). Let {E 1 , ..., E n } be a basis of g such that X 1 = JE 1 , ..., X r = JE r ∈ a, and E a ′ = E α and
, where V α are eigenvectors associated to the positive roots α ∈ Φ + . Then the induced holomorphic vector fields {Ê
i onÔ for a convex function ψ i on a * , which is invariant under the Weyl group action [12] . Thus we havẽ
By (4.7), it follows that there is a ball B δ (x 0,∞ ) ⊂ CP N near x 0,∞ and a uniform constant δ 0 > 0 such that
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On the other hand, by Lemma 2.1, we have
form a unit orthogonal basis on span{Ê
By (4.10), it follows that
Since |∇ψ i | is uniformly bounded, we see that there is a uniform constant δ
Thus the potentialsf Proof. Let {E 1 , ..., E n } be a basis of g chosen as in Lemma 4.2. Then there exists a small ǫ > 0 such that
Note that for any g ∈ U Id , there is a |t 0 | ≤ ǫ and X ∈ g such that g = exp{t 0 X}. By (4.8),
X(x) = 0, ∀x = exp{sX} ·x 0,∞ , |s| ≤ |t 0 |.
It follows that
Thus g ∈ Γ ∩ U Id if and only if g = Id. The corollary is proved.
By Corollary 4.3, Γ is a discrete set. Next we show that
We use the contradiction argument to prove (4.13) and suppose that #Γ = ∞. Then by Corollary 4.3, there is an infinite sequence of {g l ∈ Γ| l ∈ Z} with g l − Id → ∞ as l → ∞. On the other hand, by the KAK decomposition of G, we see that there are k l , k
In fact, if (4.14) is not true, there is a subsequence {k α l } which converges to k 0 ∈ K and k 0 ·x 0,∞ ∈ DM ∞ . Note that any g ∈ G fixes the set DM ∞ . Then
which contradicts with the factx 0,∞ ∈Ô ∞ .
By (4.14), there is a compact setV ⊂Ô ∞ such that k l ·x 0,∞ ⊂V . Furthermore, we have Claim: For any small δ > 0, there is a large number c δ such that
as long as a − Id ≥ c δ , where a ∈ T C . By (4.15), we see that there is a subsequence α l of {l} such that
But this is impossible since g l ·x 0,∞ =x 0.∞ ∈Ô ∞ . Hence, (4.13) is true.
To prove Claim, we let f X be a potential function of X ∈ g with im(X) ∈ k associated to the Fubini-Study metric 
Moreover, if X ∈ a is a torus vector field, it can be shown that M 1 X is a subplane in CP N .
Lemma 4.4. W X ∩Ô ∞ = ∅ for any torus vector field X ∈ a, where W X is a subset of zero points of X as defined in (4.16).
Proof. On the contrary, we suppose that there is a pointx ∈ W X ∩Ô ∞ . Then there is a point
Let X i be a sequence of holomorphic vector fields onM i which converges to X. We take a sequence ofŷ i ∈Ô i such thatŷ i →ŷ ∞ . By Proposition 3.1, there is a pointx i ∈M 1 X i for eachŷ i such that
Choose a small neighborhood T δ around the setM
Thus we can choose a sequence of
for some sufficienly small δ ′ . It follows that there is T 0 < ∞ to which t i converges subsequently as i → ∞. On the other hand, by the convergence of X i , we see that
Hence we derive z ∞ = exp{T 0 re(X)} ·ŷ ∞ .
By the monotonicity of f X along the integral curve exp{tre(X)} ·ŷ ∞ , we conclude that
and consequently,x ∈M ∞ ∩ T δ . Therefore, we get a contradiction with 4) in (4.17). The lemma is proved.
Proof of Claim. Suppose that Claim is not true. There exists a δ 0 and a sequence a l ∈ T and a sequenceŷ l ∈V such that
where a l − Id → ∞ as l → ∞. Write each a l as a l = exp{ b . SinceV is a compact set away from ∪ αWα , as in the proof of Claim in Proposition 3.1, the above convergence is uniform. It follows that dist(a l ·ŷ l , DM ∞ ) → 0, as a 1 l → ∞, which is a contradiction with (4.18). Claim is proved.
For anyx = h ·x 0,∞ , we have
It follows that hΓh −1 is the set of stabilizers ofx ∞ . By (4.13), G ·x 0,∞ is a finite quotient space. Since the above argument works for anyx ∞ ∈Ô 0 ∞ , in particular, Corollary 4.3 and (4.13) hold. Thus, each orbit G ·x ∞ is isomorphic to G/Γx ∞ , where Γx ∞ is a finite subgroup in P U (N + 1, C) .
. This means that any two different orbits are disjoint. Note that
It is easy to see that for any bounded set U inÔ 
, we choose a covering of disjoint geodesic ballsB r l inÔ 0 ∞ such that the following holds: Note that B α r l are disjoint for each l, α. Thus
as long as i is large enough. By (4.19), it follows that
But this is impossible if N 0 ≥ 2 since
Thus Γ = {e}, and so G acts onx 0,∞ freely. Hence, we prove that (M ∞ , J ∞ ) is a G-manifold.
In case that G is semisimple, we further have the following: Proposition 4.5. The limit (M ∞ , J ∞ ) in Proposition 4.1 is bi-holomorphic to (M, J) whenever G is semisimple.
Proof. Since M ∞ is diffeomorphic to M , we may assume that there is a diffeomorphism ψ : M → M ∞ such that
is a diffeomorphism between M andM ∞ . For simplicity, we let F ∞ = Φ ∞ • ψ. It suffices to show that there is a diffeomorphism Ψ on M such that
is same as J ∞ by the holomorphic embedding Φ ∞ of (M ∞ , J ∞ ). We consider the G × G-action on M , which is induced from the one onM ∞ . Namely, it holds for any x ∈ M ,
Choose a base point x 0 ∈ O. Since G is a 2n-dimensional real Lie group (denoted by G R ) with an adjoint representation ad g R (·) of g R on itself, we have
On the other hand, the semisimple complex Lie algebra g of (G, J) can be decomposed into irreducible ideals s i of g, i = 1, ..., l, such that
with [s i , s j ] = δ ij s i . Then it is easy to see that
It follows that dim R End ′ (s iR ) = 2, which can be spanned by Id and J| s iR . Hence, J ′ | s iR = λ i Id + µ i J| s iR for some λ i , µ i ∈ R, and
By the fact J ′2 = −Id, we see that that λ i = 0, µ i = ±1. Therefore, we prove (4.23) where µ i = 1, or − 1.
Note that for a G-manifold (M, J) there is an r-dimensional toric complex submanifold (Z, J| Z ) associated to a maximal torus T C of G [1, 2] . On the other hand, any maximal torus of G is conjugate by an action of element in G. Then J ′ is holomorphic on the open dense torus T C orbit in Z. Since J ′ is globally holomorphic on M , J ′ is also holomorphic on Z. In the other words, (Z, J ′ | Z ) is also an r-dimensional toric complex submanifold with respect to J ′ . Without loss of generality, we may assume the base point x 0 ∈ Z, and so we get from (4.23),
where t iR = s iR ∩ t R which is non-empty for each i. Thus there is a decomposition of t R such that Proof. On the open T r -orbit O, we choose log-affine coordinates w 1 , ..., w r . Let Σ be the fan of Z and σ a an r-dimensional cone in it. Then on the corresponding chart U a ⊂ Z, we have local coordinates z 1 , ..., z r ∈ C such that on U a ∩ O,
∈ GL r (Z). (4.27) On the open orbit O, we have
By (4.27), it follows that 
Thus, by the fact J ′2 = −1, we get 
is well-defined on Z, which satisfies Φ * J ′ = J. Thus (Z, J) and (Z, J ′ ) are bi-holomorphic.
Remark 4.7. From the proof of Proposition 4.5, by Lemma 4.6, we actually prove the uniqueness of complex structures on a G-manifold with an underlying differential structure if G is semisimple. To our acknowledge, the result seems unknown before. We guess that Proposition 4.5 holds for a general reductive Lie group G.
Proof of Theorem 1.1. By the definition, if the solution of Kähler-Ricci flow (1.1) has only type I singularities, then the curvature of ω t is uniformly bounded. Thus there is a subsequence {ω ti } which converges to a limit of Kähler-Ricci soliton (M ∞ , ω ∞ , J ∞ ) in Cheeger-Gromov topology. Note that there is no center of Lie algebra of the reductive part of Aut(M ∞ ) by Proposition 4.1 since G is semisimple. Thus (M ∞ , ω ∞ , J ∞ ) must be a Kähler-Einstein metric. On the other hand, by Proposition 4.5, (M ∞ , J ∞ ) is biholomorphic to (M, J), which admits no Kähler-Einstein metric by the assumption in the theorem. Hence, we get a contradiction. As a consequence, the curvature of ω t must blow-up as t → ∞. Namely, the solution of flow is of type II. There is another way to prove Theorem 1.1 without using Proposition4.5 if in addition we know that M is K-unstable. In fact, the limit (M ∞ , ω ∞ , J ∞ ) is a Kähler-Einstein metric if the solution of flow is of type I. Then by a result in [29, Lemma 7 .1], the K-energy is bounded below on the space of Kähler potentials in 2πc 1 (M ). This implies that (M, J) is K-semistable [?, 18]. Thus we get a contradiction. Hence, the curvature of ω t must blow up as t → ∞.
Generalization of Proposition 4.1
In the proof of Proposition 4.1, we actually prove that the open setÔ 0 ∞ ⊂M ∞ is a G-orbit which is isomorphic to G. The key point is that any torus vector field is nondegenerate onÔ 0 ∞ . In case that the limit M ∞ is a singular space, there is a natrual way to restrictÔ 0 ∞ to the smooth part ofM ∞ . However, we need to control the limit holomorphic vector fields as in Proposition (3.1). In this section, we first generalize Proposition 4.1 to a limit of Q-Fano variety. Then we discuss how to construct a limit of (1.1) in the Hamilton-Tian conjecture in case of G-manifolds. The goal is to prove Theorem 5.1. Let (M, ω i , J) be a sequence of Kähler metrics in 2πc 1 (M ) on a Fano G-manifold M of dimension n, which satisfy:
where C s (ω i ) is the Sobolev constant of ω i and R 0 , Λ 0 , c 0 are uniform positive constants. Suppose that (M, ω i , J) converge to a limit (M ∞ , ω ∞ , J ∞ ) in the Gromov-Hausdroff topology and M ∞ is smooth outside a subvariety S of complex codimension at least 2 satisfying:
1. ω ∞ is either a Kähler-Einstein metric or a Kähler-Ricci soliton on M ∞,reg = M ∞ \ S;
As in the proof of Proposition (4.1), we use the Kodaira embedding to prove Theorem 5.1. Note that the diameter of (M, ω i ) is uniformly bounded by the last condition in (5.1) and the fact ω i ∈ 2πc 1 (M ). Then by a result of Cheng, the Green function is uniformly bounded below. Since Ricci potential h i of ω i satisfies
by the normalizationˆM 
where C(C s , R 0 , c 0 ) is a uniform constant depending only on the constants C s , R 0 , c 0 . In particular, for a unit holomorphic section s, we have
Then as in the proof of the partial C 0 -estimate for the sequence Kähler-Einstein metrics in [14, 26] (also see [31, 16] ), we can prove that there exists an integer k 0 such that M can be embedded into CP N by an orthogonal L 2 -normal basis of holomorphic sections space
) induced by ω i for any integer l such that the following properties are satisfied:
1) There is a bi-holomorphism Φ i from M to CP N for each (M, ω i ). 2) There is a hi-hoomorphism Φ ∞ from M ∞,reg to CP N which can be extended as a homomorphism on M ∞ such that the image Φ ∞ (M ∞ ) =M ∞ is a Q-Fano variety.
3) The image Φ i (M ) =M i converges toM ∞ in Hausdorff topology in CP N and the convergence is smooth onM ∞,reg , whereM ∞,reg = Φ ∞ (M ∞,reg ) coincides with the smooth part ofM ∞ . 4)Ŝ = Φ ∞ (S) coincides with the singular part ofM ∞ . To get the property 4), one shall use the fact that the smooth part of M ∞ has a Kähler-Einstein metric or a Kähler-Ricci soliton (cf. [31, 16] ).
Remark 5.2. It has been known in many cases that the limit (M ∞ , ω ∞ ) in Theorem 5.1 is a Q-Fano variety, for examples, see [14] , [25] , [31] , [16] etc.. Here we use an argument of JiangWang-Zhu in [16] (also see [31] )which does not need uniform boundedness on Ricci curvature.
YAN LI
* , GANG TIAN † AND XIAOHUA ZHU ‡ As discussed in Section 4, forx ∞ ∈M ∞ , we can define a G × G-action by
By 3), g(x ∞ ) is independent of the choice of sequence {x i } ∈M i . Moreover, the association property (4.2) is satisfied. Thus to prove Theorem 5.1, we need to show thatM ∞ has an open dense G-orbit, which is isomorphic to G.
5.1. Gradient estimate of potentials f i . In the proof of Proposition 4.1, a crucial role is to study the deformation of holomorphic vector fields induced by the group G. In order to lift the limit vector in a singular variety to CP N , we prove Lemma 5.3. Let (M, ω i , J) be a sequence of K×K-invariant Kähler metrics on a Fano G-manifold M as in Theorem 5.1 and f i a sequence of potentials of holomorphic vector field X associated to ω i as in (3.11) . Then there is a uniform constant C such that
As a consequence, f i subconverges to a non-trivial continuous f ∞ on M ∞ which is a potential of limit holomorphic vector field X ∞ of (X, ω i ) such that
2 f i . Then by ( 3.14), we have
is uniformly bounded. Thus, as in the proof of (5.3), we can apply [32, Theorem 7 .1] to get a gradient estimate,
As a consequence, ∇f i is uniformly bounded by (5.3) .
By the regularity of equation ( 3.14) together with the estimate (5.5), we see that f i subconverges locally to a smooth function f ∞ on the smooth part M ∞,reg of M ∞ . Moreover, f ∞ can be extended a continuous function to the whole space M ∞ . Clearly, f ∞ satisfies the equation (3.18) 
defines a holomorphic vector field X ∞ on M ∞,reg , which is a limit of (X, ω i ). By (5.5), we get (5.6).
By the argument in the proof of Part (b) in Proposition 3.1, it can be proved that X ∞ is nontrivial with help of continuity of f ∞ . In fact, (3.15) is still true. We omit the details to the reader. The lemma is proved.
Let {E 1 , ..., E n } be a basis of Lie algebra g and {Ê ∞ is an open dense G-orbit inM ∞ , which is isomorphic to G.
Proof. For any induced holomorphic vector fieldX of X ∈ g onM ∞ , we see that
Then Lemma 4.2 can be generalized to the singular varietyM ∞ . Namely, we conclude that for any induced holomorphic vector fieldX of X ∈ g onM ∞ , it holds
As in (4.12), for a fixed pointx 0,∞ ∈Ô
Then it is a closed subgroup of G. Moreover, analogous to Corollary 4.3, Γ is a discrete set. We shall prove that Γ = Id. In the following, we will give steps by steps as in the proof of Proposition 4.1 to finish the proof of Proposition 5.4.
Step 1: We prove
On contrary, we suppose that #Γ = ∞. Then there is an infinite sequence of {g l ∈ Γ| l ∈ Z} with g l − Id → ∞ as l → ∞. By the K × K decomposition of G, we see that there are k l , k
As in the proof of (4.14), it is easy to see that there is a compact setV ⊂Ô ′ ∞ such that k l ·x 0,∞ ⊂V . It remains to check (4.15) . We also use the argument by contradiction and suppose that (4.15) is not true. Thus there exists a δ 0 and a sequence a l ∈ T and a sequenceŷ l ∈V such that
where a l − Id → ∞ as l → ∞. Without loss of generality, we write a l as a l = exp{ b α l X α } and
whereW 1 , ...,W N +1 are the (N + 1) hyperplanes in CP N as in (4.7). SinceV is a compact set away from ∪ αWα , as in the proof of Claim in Proposition 3.1, the convergence in (5.14) is uniform. It follows that
which is a contradiction with (5.13). Thus (4.15) is true and (5.12) is proved.
We shall establish an analogy of Lemma 4.4 to prove (5.14) as follows.
Lemma 5.5. Let X ∈ a and
The proof is almost same to the one of Lemma 4.4. Let (X i ,ω i ) be a sequence of holomorphic vector fields onM i which converges to (X,ω ∞ ) onM ∞ . Set
where f X i is the potential of X i onM i as in Lemma 5.3. Then by Lemma 5.3, f i subconverges to a continuous potential f X of X. Moreover, as in the proof of Proposition 3.1, Thus for any finite T , integral curves exp(tre(X i )) ·ŷ i converge uniformly to exp(tre(X)) ·ŷ ∞ for any t ≤ 2T asŷ i ∈M i →ŷ ∞ . On the other hand, as in the proof of Lemma 4.4, one can construct a small neighborhood T δ around the setM 1 ∞,X in CP N such that exp(tre(X i ))·ŷ i ∈M i ∩T δ as long as t sufficiently large and i >> 1. Thus by the monotonicity of f X along the curve exp{tre(X)}·ŷ ∞ , there exist a T 0 >> 1 such that
Note that T δ can be chosen very closed toM 1 ∞,X . Hence, we concludê
This implies thatx ∈Ô ′ ∞ . The lemma is proved.
Step 2: We proveÔ
By (5.12), G ·x 0,∞ is a finite quotient space. Since the argument in Step 1 works for anŷ
. This means that any two different orbits are disjoint. Note thatÔ
Hence, one can prove that there must be only one G-orbit inÔ 0 ′ ∞ , and so consequently, (5.16) is true.
Step 3: We prove Γ = Id. (5.17) (5.17) can be proved by showing that N 0 = 1 as in the proof of (4.20). We omit it.
5.3. Discussion of limit of (1.1). By Perelman and Zhang's results [22, 34] , the condition (5.1) in Theorem 5.1 is satisfied for a sequence of Kähler metrics arising from (1.1). Thus the limit (M ∞ , ω ∞ ) is a Q-Fano variety. In fact, it was already proved by Tian-Zhang in [31] under the assumption of the Hamilton-Tian conjecture. Theorem 5.1 also shows that (M ∞ , ω ∞ ) is a G-variety if the background manifold (M, ω 0 ) is a G-manifold, however, we do not need to assume that ω 0 is K × K-invariant. Since the structure of Q-Fano G-variety is uniquely determined by its associated toric variety [1, 2] , it is possible to guess what is (M ∞ , ω ∞ ) by comparing the polytopes of toric varieties associated to M and M ∞ .
As we mentioned at the beginning of this section, we have the following identity:
M∞ )), (5.18) where k 0 and l are positive integers. On the other hand, by [2, Section 3], for any polarized compactification (M, L) with associated polytope P and any m ∈ N + ,
where V ̟ is the irreducible representation of G with highest weight ̟. It follows from the Weyl character formula,
where c G = α∈Φ+ 1 ρ,α 2 is a constant. As a consequence, we get the following asymptotic formula
M over M ∞ and M , respectively, by using (5.18) for l >> 1, we obtain
where P ∞ is the associated polytope of (M ∞ , L ∞ ). Note that (M ∞ , ω ∞ ) is K × K-invariant in Theorem 5.1 (cf. [8, 7] ). Hence, by the volume formula (cf. [11, 19] ), we have proved Also the Q-Fano condition will imply the existence of criterion for P ∞ analogous to Fano Gmanifolds [19, Section 3] . It is clear that there are only finitely many polytopes P ∞ for a fixed integer k 0 which satisfy the above conditions.
Examples of G-manifolds with rank 2
In this section, we describe Fano compactifications of SO 4 (C) and Sp 4 (C) with rank 2.
6.1. Fano SO 4 (C)-manifolds of dimension 6. In [12] , Delcroix computed three polytopes P + associated to Fano compactifications of SO 4 (C) 5 . In the following, we write down the detailed data associated to P + , in particular, the quantities of bar(P + ).
Choose a coordinate on a * such that the basis are the generator of M. Then the positive roots are α 1 = (1, −1), α 2 = (1, 1), 5 In fact, by checking the Delzant condition of polytope P and the Fano condition of compactified manifold, these three manifolds M are only Fano compactifications of SO 4 (C). Hence there does not admit a Kähler-Einstein metric in Case (3). Two SO 4 (C)-manifolds in Section 6.1 (B-Cases (2), (3)) and one Sp 4 (C)-manifold in Section 6.2 (B-Case (3)) are those examples described as in Theorem 1.2. Moreover, these three Fano manifolds are all K-unstable.
